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Abstract. We construct some inverse-closed algebras of bounded integral 
operators with operator-valued kernels, acting in spaces of vector-valued func- 
tions on locally compact groups. To this end we make systematic use of co- 
variance algebras associated to C*-dynamical systems defined by the abelian 
C* -algebras of right uniformly continuous functions with respect to the left 
regular representation. 



1. Introduction 

In this short note we construct some inverse-closed algebras of i^-bounded in- 
tegral operators on locally compact groups. The method of our investigation is 
provided by the systematic use of covariance algebras associated to C*-dynamical 
systems defined by the abelian C* -algebras of right uniformly continuous functions 
with respect to the left regular representation. This method allows us to partly 
simplify the proofs of some results from the earlier literature and also to obtain 
some new results. 

A new feature of our work is that we deal with operator-valued integral kernels, 
which define integral operators on spaces of vector- valued functions on locally com- 
pact groups. In the case of discrete groups, this allows us to construct inverse-closed 
algebras of bounded operators defined by block matrices. One of the applications 
of that special case is that one can enlarge the classes of integral kernels that define 
inverse-closed algebras on some particular types of non-discrete locally compact 
groups. 

The paper is organized as follows. Section [2] is devoted to some preliminaries 
on symmetric involutive Banach algebras and covariance algebras of C*-dynamical 
systems. In Section [3] we introduce the main classes of operator-valued integral 
operators and we investigate the relationship between these kernels and the covari- 
ance algebras of certain C*-dynamical systems. In this section we also obtain our 
first inverse-closed algebras of integral operators on vector-valued functions on lo- 
cally compact groups fTheorem l3.8p . Eventually, in Section 2] we provide a method 
for constructing larger inverse-closed algebras of integral operators, and the corre- 
sponding result (Theorem 14. 8p applies in the situation that we encountered in our 
earlier paper |BB12j . 
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2. Preliminaries on symmetric involutive Banach algebras 

Definition 2.1. An involutive Banach algebra B (with continuous involution) is 
symmetric if for every b E B the spectrum of b*b is contained in [0, oo); see for 
instance |BilO] for a self-contained account of various characterizations of this prop- 
erty. 

A locally compact group G is said to be rigidly symmetric if for every C*-algebra 
A the projective tensor product L^{G)(S$A is a symmetric Banach algebra. 

It follows by jPo921 Cor. 6] that every nilpotent locally compact group is rigidly 
symmetric. Moreover, by [LP79[ Th. 1], also the compact groups are rigidly sym- 
metric. □ 

Definition 2.2. A C* -dynamical system {A,G,a) consists of a C*-algebra A en- 
dowed with a continuous action of a locally compact group G by automorphisms 
of A, 

a: G X A ^ A, {x,a) ^ ax{a). 

The corresponding covariance algebra L^(A,G,a) is the involutive associative Ba- 
nach algebra obtained from the space of equivalence classes of Bochner integrable 
.A- valued functions on G with the multiplication defined by 

{f*h)ix)^ I f{v)ay{h{y-'x))Ay (2.1) 

G 

and the involution 

r{x) = l^{x-')ax{f{x-y) (2.2) 

for f,h€ L^{A, G, a) and almost every x £ G. Here A : G — > (0, oo) is the modular 
function of G. □ 

Definition 2.3. Let {A,G,a) be a G*-dynamical system and tt: A^ B{'Ho) be a 
faithful ^-representation of A. The ir-regular representation of the covariance alge- 
bra L^{A, G, a) is the continuous ^-representation 11: L^{A, G, a) B{L^{G, TLq)) 
defined by 

(n(/)C)(x)= / TTia,-iif{ym{y-'x)dy 



G 



for / e L'^{A,G,a), £_ £ L^{G,7io), and almost every x e G. □ 

Proposition 2.4. Let {A, G, a) be a C* -dynamical system. Then there exist a G* - 
dynamical system (A, G, a) with trivial action a and an isometric *-homomorphism 
9: L^{A,G,a) L^{A,G,a). 

Proof. We may assume without loss of generality that there exist a complex Hilbert 
space Ho and a continuous unitary representation tt: G -> B{T-Lq) with A C B{Hq) 
and ax{a) = Tr{x)aTT{x)^^ for every a € A and x £ G (see for instance ^WiOTl 
Ex. 2.14]). Let A be the G*-algebra generated by ADtt{G) with the trivial action 
a of G, and define 



6: L\A,G,a)^L\A,G,d), f ^ J{M-)- 
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Since tt{x) G B{'Hq) is a unitary operator for every a; G G, it follows at once that 
the mapping 6 is an isometry. Moreover, for /, h G L^iA, G, a) we have 



G 



{eif)*e{h)){x) = I {e{my){9{h)){y-'x)dy 

f{y)TT{y)h{y^^x)n{y~'^x)dy 
= J f{y)T^{y)Hy~^x)TT{y)~^dyTT{x) 

G 

= I /(2/)Q:a('i(y~^a;))dy7r(x) 



G 



G 

= [f h){x)iT{x) 

^{e{f*h)){x). 

Also, 

eifrix) = A{x-')mmx-')r = A(x-i)(/(x-ih(x-i))* 

= A{x~')7r{x) f{x-'r = A(x-i)a,(/(x-i)*)7r(a:) = (0(r))(x), 
and this concludes the proof. □ 

Corollary 2.5. Let {A,G,a) be a C* -dynamical system. If the group G is rigidly 
symmetric, then the covariance algebra L^{A,G,a) is a symmetric involutive Ba- 
nach algebra. 

Proof. It follows by Proposition 12 .41 that L^{A, G, a) is isometric ^-isomorphic to a 
closed involutive subalgebra of L^{A,G,a) ~ L^{G)^A for a suitable G*-algebra 
A. On the other hand, the involutive Banach algebra L^{G)(S^A is symmetric since 
the group G is rigidly symmetric. Now the conclusion follows since any closed 
involutive subalgebra of a symmetric Banach algebra is in turn symmetric (see for 
instance [BIT0| Prop. 7.10]). □ 



Remark 2.6. The result of Proposition 12.41 is actually a by-product of the proof 
of |Le68| Satz 6]. A special case of this result also occurs in }FGL08| Prop. 2]. 
Corollarv l2. 51 answers in the afhrmative a question raised in the concluding remarks 
of [Po92] . □ 

Notation 2.7. For any unital complex algebra B we denote by 1 the unit element 
and hy the group of invertible elements in B. Thus, a unital subalgebra A 
of B is inverse-closed if and only if^^ ~ A D B^ . Note that we always have 
A"" C AnB"". □ 



The following lemma will be needed in the proof of Theorem l3.8l and relies neither 
on Hulanicki's Lemma |Hu72( Prop. 2.5] nor on its later improvements (compare 
for instance the proof of |FGL08| Th. 2]). 

Lemma 2.8. Let A be an involutive symmetric Banach algebra and denote by 
Pq: A ^ C*{A) the canonical homomorphism into the universal C* -algebra of A. 
Assume that p: A ^ B{'H) is a continuous injective ^-representation satisfying the 
following condition: 
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There exist a faithful * -representation C*{A) ^ B{'Hi), a complex Hilhert 
space 7^2, and a unitary operator S : Hi — > 'H®'H2 such that for every a ^ A 
the diagram 



■Hi — ^-^n®n2 



Po(a) 



p(a)®id„2 



Ui — ^ H®'H2 
is commutative. 
Then we have {CiAu + p{A)Y = {<C\du + p{A)) r\B{'HY'' . 

Proof. After adjoining a unit element to A if such an element does not exist, we 
see that the conclusion reduces to p{A)^ = p{A) n B{H)^ . Since p is a faithful 
representation, the latter equality is equivalent to the fact that for a £ A we have 
a G A^ if and only if p{a) £ B{TL)^ . In fact, we have 

aeA"" ^ Po(a)eC*(^)^ <=> Po{a) e BiUi)'' p(a) G 

where the first equivalence follows since A is an involutive symmetric Banach al- 
gebra (see for instance |BilO| Prop. 7.5]), the second equivalence relies on the fact 
that every C*-algebra of operators is inverse closed, and the third equivalence is a 
direct consequence of the commutative diagram in the statement. □ 

3. Integral operators on vector- valued functions 

Setting 3.1. We shall work in a setting involving the following basic ingredients: 

(1) G stands for a unimodular locally compact topological group with a fixed 
Haar measure denoted by da;. 

(2) C is a unital C*-algebra of operators on some complex Hilbert space TLq. 

□ 

Notation 3.2. For every complex Banach space y and every p G [1, oo) we denote 
by L-^{G,Y) the Banach space consisting of the equivalence classes of complex- 
valued, Bochner p-integrable functions on G. 

If 3^ = C, we denote simply LP(G, C) = LP{G), as usual. □ 

Definition 3.3. li K : G x G ^ C is a Bochner measurable function, then we 
define ||k;(g,c) as the infimum of the norms for (3 G L^{G) such that 

^ \f3{xy~^)\ for a.e. x,y G G. If there does not exist any function f3 
satisfying the latter condition, then we set Ili^H/cccc) = oo- We then consider the 
space 

IC{G, G) -.^ {K : G X G ^ G \ K is Bochner measurable and l|-ftr||^(G_c') < oo} 

and the injective linear mapping 

IC{G,G)^B{L\G,n„)), K^Tk, (3.1) 

where Tk is the integral operator on L^{G,TLo) defined by the integral kernel K, 
that is. 



{TKf)ix)^ I K{x,y)fiy)dy 

for every / G L^(G, T^o)- 



G 
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We denote by * both the usual composition of integral kernels, that is, 
{Ki-k K2){x,z) = J Ki{x,y)K2{y,z)dy for x,z £G, 

G 

and the convolution operation 

Wi*l32)ix) = f /3i(xy-i)/32(y)dy for a: e G 



for Pi, (32 S L^{G). Moreover, we denote K*{x,y) := K{y,x)* for any integral 
kernel if: G X G ^ C. □ 

Remark 3.4. It easily follows by the results of |GW04| (see also |BC08a] ) that 

(Vif e/C(G,G)) \\Tk\\<\\K\\,c(g.c)- 

Moreover, the space of G-valued integral kernels IC{G, C) is an involutive asso- 
ciative Banach algebra with a faithful contractive ^-representation given by the 
mapping (|3.ip . This will be called the canonical representation of /C(G, G), and it 
implicitly depends on the realization of the G* -algebra G as an operator algebra 
on Ha- □ 

Remark 3.5. Let TZUCb{G,C) be the unital G*-algebra consisting of the right 
uniformly continuous bounded G-valued functions on G. That is, if we define 
{axf){y) — f{x^^y) for arbitrary x,y eG and any continuous function /: G ^ G, 
then we have / e WACbiG^G) if and only if ||/||oo := sup{||/(a;)|| | x G G} < oo 
and lim \\axf - f\\oo = 0. 

a:— >1 

Then it is clear that {TZUCb{G,G),G,a) is a G*-dynamical system. For any 
/ e L^i'RKCbiG,C),G,a) and x G G we have f{x) e 'RUCb{G,G), hence we can 
define f{x,y) := {f{x)){y) € G for almost every y & G. 

There exists a faithful ^-representation 

it: nUCb{G,G) ^ B{L\G,na)), irif)^ - /(•)e(-) 
and the corresponding 7r-regular representation 

n: L\nUCb{G,G),G,a) B{L^{G, L^{G,no))) 
can be described by the formula 

mmix, z)= I f{y, xz) ay^'x, z) Ay (3.2) 



G ec eWo 

for x,zeG, f e L\G,'RLlCb{G,G), and ^ e L^{G,L^{G,Ho)) ~ L^{G x G,Ho). 

□ 

The following statement recovers (FGL08| Prop. 1] in the case of the discrete 
groups. 

Proposition 3.6. If the group G is unimodular, then the following assertions hold: 

(1) There exists an isometric *-homomorphism 

R: L\nUCb{G,G),G,a) ^ 1C{G,G), {Rf ){x,y) ^ f{xy-\x). 

(2) For every K G Rani? and x,y £ G we have {R~^ K){x,y) — K{y,x^^y). 

(3) If G is a discrete group, then Rani? = /C(G, G). 
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(4) We have Ran R D IC{G, C)C\C(GxG, C) if and only if the group G is either 
compact or discrete. 

Proof. First note that for / G L^{TUJCb{G, G), G, a) and x,y & G we have 

\\Rfix,y)\\c = \\f{xy-\x)\\c < \\fixy-')\\Tzuc,iG.c)- 

Since ||/(-) Ikwc^CG.c) e L\G), we see that Rf £ JC{G,G) and 

Il-R/Il/C(G,C) < J \\f{z)\\nUCb{G,C)^Z = \\f\\L^TlUCb{G,C),G,a)- 
G 

Moreover, since the group G is unimodular, we get by (|2.2p 

Riflix, y) = r{xy-\x) = f{{xy~'r\ (xy-Y'^r - /(yx"\ y)* 

^{Rfnx,y) 

When apphed for the C*-dynamical system {TZUCb{G, C), G, a), formula ()2.ip gives 
the following expression for the product in {TZUCb{G , C), G, a): 

(/ * h){x, z)^ j f{y, z)h{y^^x, y~^z)dy. 

G 

Therefore we get 

{R{f^h)){x,z)^{f^h){xz-\x) 

= j f{y,x)h{y^'^xz^^,y^^x)dy 
G 

= J f{xv^^,x)h{vz~^,v)dv 

G 

= J {Rf){x,v)[Rh)[v,z)dy 

G 

^ {Rf irRh)(x,z). 

So far we have proved that R: L^{TZUCb{G,C),G,a) — ?■ /C(G, C) is a contractive 
*-homomorphism. It is clear from the definition that Keri? — {0}. 

It is also easily checked that {R~^K){x,y) ~ K{y,x^^y) for any K E /C(G, C). 
If /3 S L^{G) is an arbitrary function with < \/3{vw~^)\ for v,w G G, 

then||(i?-iX)(x,2/)|| < |/3(x)|forrreG, hence \\R-^K\\Li(G..nucUG..c) < II/^IUhg)- 
Therefore \\R~^K\\Li^c,TZUCt{G,c) < \\K\\ic{g.c), and in view of what we have al- 
ready proved, it follows that R is an isomctry. This completes the proof of Asser- 
tions 

For Assertion ([3]) we just have to use the fact that if the group G is discrete, 
then nUCbiG) = 1°^{G). 

For Assertion (U, it is well-known that if G is either discrete or compact, then 
we have nUCb{G,G) = C[G,C) n ^°°(G,G). If G is compact, then we obtain a 
natural linear inclusion map 

C(G X G, G) = C(G X G, G) n 1°°{G xG,G)^ L^{TUACb{G, G), G, a) 

and it is easily seen that R{C{G x G, G)) = C(G x G, G) hence, by applying R to 
the above inclusion, we obtain C(G x G, G) C Rani?. Since Rani? C JC{G,G), it 
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follows that C(G X G, C) n /C(G, G) C Rani?. On the other hand, if G is discrete, 
then the assertion follows by Assertion ([3]) 

Conversely, if we have Ran R D /C(G, C) r\C{G x G,C), then 

'RL{Cb{G,C) = C{G,C)ne°°{G,C). (3.3) 

In fact, the inclusion R{L\nUCbiG,G),G,a)) D /C(G,G) n C(G x G, G) implies 
L\TZUCbiG, C),G, a) D R-\JC{G, G) nC(G x G, G)). For arbitrary e C(G, C) n 
Li(G,C) and ^ e C(G, G) n £°°(G, G) let us define K{x,y) = (j){xy-^)i}{x) for aU 
x,yeG. Then A' e A:(G, G) n C(G x G, G), hence R-^K e L^{nUCb{G, G), G, a), 
that is, 0cg)V e L^{WJCb{G,C),G,a). If we pick e C(G, C) n L^G, C) with 
/g0 ^ and integrate the function cj) ^ = £ L^{TUy(Cb{G,G),G,a) then 

the integral of that function belongs to TZUCb{G,G), while on the other hand the 
integral is equal to (/^ </.)V', hence ip G TZUCbiG). Since ip G C(G, G) n f°°(G, G) is 
arbitrary, we obtain p.3p . 

Since the G* -algebra G is unital, it is straightforward to show that p.3p implies 
nUC biG, C ) = C(G,C) n£°°(G,C), and then it follows by |CR66[ Th. 2.8] along 
with |Ki621 Cor. 2] that the group G is either discrete or compact. This completes 
the proof. □ 



We now show that the isometric *-homomorphism constructed in Proposition 
can be used to establish a close relationship between the 7r-regular representation 11 
described in Remark [3.5l and the canonical representation introduced in Remark [3.4l 
The following statement recovers |FGL08[ Prop. 3] in the case of the discrete groups. 

Proposition 3.7. If G is a unimodular group, then there exists a unitary operator 

S: L\G x G,no) ^ L\G,no)®L^{G) L^G, L^{G,Ho)) - L\G x G,Ho) 

such that {SS,){x, z) = ^{xz, z) for x, z £ G and ^ G L^(G x G, T-La). Moreover, for 
every f G L^{TZUCb{G,C),G,a) the diagram 

i2(G, 'Ho)®L\G) L\G, L\G, Ha)) 

L2(G, Ho)^L^G) L^G, L^G, %)) 



^n(/)®id^2(G) 



is commutative. 

Proof. It is easily seen that the operator S in the statement is unitary. Moreover, 
for / G L\m4Cb{G, G), G, a) and ^€ L^{G xG,Ho) we have 

® idL2(G.))C)(«> " / f{v'w~'^,v)£.{w, u)dw = J f{y, v)r]{y^^v, u)dy, 
G G 

hence 

{S{TB.(f) ® idi2(e))^)(a;,z) ((Tfl(^) id)S,){xz, z) = J f{y,xz)^{y^^xz,z)dy 

G 

= J f{y,xz){SO{y-'x,z)dy ^ {Il{f)SO{x,z), 

G 

where the latter equality follows from p.2p . □ 
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Theorem 3.8. Let the group G he unimodular, amenable, and rigidly symmetric, 
and denote Ag,c '■= {Tk \ K G Rani?}. Then C idi2(c. -^^-j + Ag,c is an inverse- 
closed involutive subalgebra of B{L^{G,T-Lo)). If moreover G is a discrete group, 
then idi2(G,H„) e Ag,c = {Tk\K€ JC{G, G)]. 

Proof. Let us define 

p: L^TZUCb{G,G),G,a) ^ B{L\G,Ho)), f^T^^fy 

Since the group G is unimodular, it follows by ProDOsition l3 . 61 and Remark l3.4l that 
the mapping p is a continuous injective *-homomorphism. 

Moreover, since G is a rigidly symmetric group. Corollary 12.51 shows that the 
covariance algebra {TZUCb{G , C), G, a) is a symmetric involutive Banach algebra. 
On the other hand, the universal enveloping G*-algebra C* {L^ [TUACb[G , G), G, a)) 
is isomorphic to the norm-closure of the range of the regular representation 

n: L\TZUCb{G,G),G,a) B{L^{G x G,Hq)), 

since G is an amenable group; see for instance |Wi07[ Th. 7.13]. The corresponding 
canonical homomorphism 

po: L'{TZUCb{G,C),G,a) ^C*{L^TZUCb{G,C),G,a)), f ^ U{f) 

is the one induced by H. 

We have thus checked that the hypothesis of Lemma 12.81 is satisfied, and then 
the first part of the conclusion follows since Ag,c = p{L^ {TZUCb{G , G), G, a)). For 
the second assertion we use Proposition I3.6t |4|) . □ 

Example 3.9. The hypothesis of Theorem l3.8l is satisfied if G is a nilpotent locally 
compact group. It was already noted in Definition 12.11 that such a group is rigidly 
symmetric by |Po921 Cor. 6]. Moreover, every nilpotent group is amenable; see for 
instance pPaM, Prop. (0.15)-(0.16)]. 

On the other hand, as noted in ^FGLOSj . every discrete finitely generated group 
of polynomial growth is (unimodular and) amenable and rigidly symmetric. □ 

Corollary 3.10. Let % be a complex Hilbert space and assume that we have an 
orthogonal direct sum decomposition H = ^ Ti-y whose summands are isomorphic 

to each other, were T is a discrete finitely generated group of polynomial growth. 
Denote by G B{'H) the orthogonal projection on "H-y for 7 S F, and define 

B:={Se Bin) I (3/3 e ^^(F) | \\P^,SP^A < fi^^^-. for 71,72 e F}. 

Then B is a unital subalgebra of B{H) and we have B^ ^ B Cl B{'H)^ . 

Proof. Since the Hilbert spaces in the family {H^}^gr are isomorphic to each other, 
we may actually assume that there exists some complex Hilbert space TLq such 
that = Ho for every 7 G F. Then n = i^{T)®HQ = l^(ci,UQ). It follows by 
Example l3.9l that the group F is amenable and rigidly symmetric, hence Theorem l3.8l 
applies with G = B{T-Lo), and the conclusion follows. □ 

Remark 3.11. The special case Corollarv 13 . 101 when F is an abelian group is also 
a special case of JBa97, Cor. 1 to Th. 2]. On the other hand, the special case of 
Corollary 13.101 when dim — 1 for every 7 G F was obtained in [FGLOSj . □ 
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4. Larger inverse-closed algebras of integral operators 

Setting 4.1. In this section we assume that G is a locaUy compact group with 
a discrete, amenable, rigidly symmetric subgroup F of G, and an open relatively 
compact subset Q with nonempty interior, satisfying the following conditions: 

(1) If 7i, 72 e r with 7i ^ 72, then -fiQ n 72Q = 0. 

(2) The Haar measure of the complement of IJ 7(5 in G is zero. 

(3) For every 7 e F we have ^Q"f^^ C Q. 

□ 

Example 4.2. The above conditions arc satisfied if G = (M", +) for some integer 
n > 1. See [FSIO] for some examples of noncommutative groups satisfying these 
conditions. □ 

Definition 4.3. Wc define the Wiener amalgam space 

W{G) {/3 e (G) | WWwiG) E H/^XtqIU < 

where x-yQ is the characteristic function of the set 7(5 for 7 € F. □ 

Remark 4.4. Definition 14.31 is equivalent to the usual definition of the Wiener 
amalgam space W{L°° ^ L^) on the locally compact group G, as a direct consequence 
of the resuhs of [Fi83) : see also |Do89j . [ReTl] . and [Re89] . □ 

Lemma 4.5. The Wiener amalgam space W{G) is a right ideal of the convolution 
algebra L^G), that is, if Pi G L\G) and ^2 G W{G), then Pi * € W{G). 

Proof Use |FG89bi Th. 7.1(a)]. □ 

Lemma 4.6. If A is a unital associative algebra and J is a right ideal in A (that 
IS, AJ C J), then (CI + J)^ = (CI + J) n . 

Proof. To prove that (CI + J) ^ D (CI + J^) n , let a e (CI + J) n ^ arbitrary. 
Then there exist a 6 C, oq G and b € B such that a = al + oq and ba = ba = 1. 
Then b{al + aa) = 1, hence a6 = 1 - 5ao G CI + AJ CCl + J. 

Now, if = ^, then the assertion is trivial. Otherwise, J cannot contain 
invertible elements, hence a 7^ 0, and then the above relation implies b{= a^^) G 
C1 + J^, hence a G (C1 + J)''. □ 

Lemma 4.7. Let B be a unital associative Banach algebra. Assume that Aq is 
another associative Banach algebra such that there exists a continuous injective 
homomorphism Aq ^ B with 1 ^ ^0 • Moreover, let J be a right ideal of A{) with 
the following properties: 

• J is dense in ^0/ 

• (£,\^JY = (C1 + j)ns^. 

Then we have (C1 + A)"" (C*l + A)n6^ (fCV + Aq) CxB"" . 

Proof. To prove that we have "3", let al + oo G (CI + ^0) ^B^ . By using the 
reasoning of [BB12i Th. 2.13(3)] we may assume a 7^ 0, and then we may (and do) 
assume a = 1. 

The ideal J is dense in ^0, hence there exists a € J with JJa — aoU^io < 1/2. 
Then 1 + (ao — a) G (CI + Ao)^ , so we can consider the element 

k (l + (ao-a))"^(l+ao) = (l+(ao-a))"^(l + (ao-a)+a) = l + {l+{ao-a)y^a. 
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Here k £ (CI + ^o)^ and a G J^, hence actually 

fc e (CI + Ao)"" n (Cl + J) = (Cl + J) ^ 

where the latter equality follows by Lemma [4.61 for Cl + Aq. 
Thus k^^ E Cl + ^7, and then we get by the definition of k that 

(1 + ao)-'^ ^ k-\l + {aa - a))"^ G Cl + Aq. 

Therefore (Cl + Ao)"" ^ (Cl + ^q) n 6^, and we are done. □ 

Theorem 4.8. // we define 

Ao {Tk I K E /C(G,C)} C B{L'^{G)) 

then we have (Cidz,2(G) + A)"" = (Cidi2(G) + y^o) n S(L2(G))^ . 

Proof. Let us denote by /Cvi/(G, C) the set of all kernels K E /C(G, C) such that 
there exists /3 E W{G) satisfying the condition ||i4r(a;,y)|| < \(3{xy~^)\ for a.e. 
x,y E G. Then the space of operators 

J={Tk\K ElCw{G,C)}, 

is a right ideal of as a straightforward consequence of Lemma 14.51 Moreover, 
one can check that J is also a right ideal of the algebra B from Corollarv l3.101 and 
then by Lemmas HH and |4J] we get (Cl + Ao)'' = (Cl + Aa) n B"" . Now by using 
Corollary[330]we get (Cl + A)"" = (Cl + A) n B(H) ^ . □ 

Remark 4.9. In the special case when G is an abelian group, the above Theo- 
rem 14.81 recovers some results obtained earlier in [Ku99| and jKuOlj . □ 

Problem 4.10. Prove a version of Theorem 13.81 that involves an enlarged space 
of integral kernels which should not be necessarily Bochner integrable, but rather 
strongly integrable as in the papers |GW04) . |BC08a| . and |BC08b| . □ 
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